The thermodynamic behavior of the spin S = 1/2 antiferromagnetic two-leg ladder compound (C5H12N )2CuBr4 in a uniform magnetic field is studied using numerical and analytical approaches. The entropy S(H, T ) and specific heat C(H, T ) are calculated. The specific heat shows various behaviors in different regions of the magnetic field. The field-dependence of the specific heat is almost symmetric about the average of quantum critical fields in complete agreement with experimental results. In addition, it is found that during an adiabatic demagnetization process, temperature drops in the vicinity of the field induced zero-temperature quantum phase transitions.
I. INTRODUCTION
Currently, wide interest is devoted to the lowdimensional gapped spin systems, both experimentally and theoretically. In particular, magnetic spin ladders 
where S n,α is the spin S = 1/2 operator on rung n (n = 1, ..., N/2) and leg α (α = 1, 2). An applied field B in the z direction leads to Zeeman term. There is a large body of research on the so-called telephone number compounds like and (C 5 D 12 N ) 2 CuBr 4 can be also well described experimentally by the two-leg Heisenberg antiferromagnetic ladder model [3] [4] [5] [6] [7] [8] . Specially, piperidinium copper bromide (C 5 H 12 N ) 2 CuBr 4 is known as one of the best spin-1/2 ladder compounds with large rung exhange [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . It is found that the rung exchange J ⊥ = 12.9(2)K is about four times larger than J = 3.3(2)K. In the absence of the magnetic field, the excitation spin gap is equal to ≃ 9.5K. In the presence of a magnetic field, the system remains in a gapped disordered phase below B c1 ≃ 6.99(5) T . The spin excitations are gapless and the system is in the Luttinger-liquid (LL) phase in the intermediate region, B c1 < B < B c2 . At the second critical field, B c2 ≃ 14.4(1) T , system undergoes a phase transition to the fully polarized state. Also, the LL state extends down to the temperature of a 3D magnetic ordering transition at T N ≤ 110 mK, suggesting an intermediate coupling J ′ ≃ 27mK ≪ J ⊥ , J . The LL predictions have been quantitatively tested for magnetization and specific heat 14 , nuclear magnetic reasonance 12 , neutron differaction 15 and thermal conductivity 17 measurements. There are many research works dedicate to the zerofield properties of the ladder system, while current interest has been focused on the temperature dependent behaviors and especially the magnetocaloric effects (MCE) in the spin ladder which has not been studied completely so far. It is believed that the low temperature behaviors give important insight in the physics of quantum phase transitions. In this paper, we use both theoretical and numerical techniques to prepare a complete picture of the dependence of entropy, specific heat and adiabatic (de)magnetization on both magnetic field and temperature. Our numerical approach is based on a full-diagonalization method while we use Jordan-Wigner transformation analysis for the analytical part. We show that our results agree very well with the experiment.
The outline of the paper is as follows. In section II we discuss the model in the strong antiferromagnetic coupling limit and derive the effective spin chain Hamiltonian. The Jordan-Wigner transformation for the spin S = 1/2 effective XXZ chain Hamiltonian will be considered and the basic mean-field set up will be presented in section III. In section IV, we present results of the meanfield and full diagonalization calculations and compare with the experimental data. Finally, we conclude and summarize our results in section V.
II. EFFECTIVE MODEL
The thermodynamics of the system can be analyzed using a mapping of the spin S = 1/2 ladder onto the effective spin chain in the strong-coupling limit [19] [20] [21] . The first-order degenerate perturbation theory in the parameter J ⊥ and J , must be done to derive an effective lowenergy model. Since, the whole magnetization curve has a width which is related to the bandwidth of the triplet excitation, the first-order perturbation theory is sufficient. At J ⊥ ≫ J , it is convenient to discuss the model by representing the site-spin algebra in terms of on-bondspin operators. In the limit, J = 0 the ladder divided into the isolated rungs. Indeed an isolated rung may be in a singlet or a triplet state with corresponding spectrum given by
By increasing the magnetic field, one component of the triplet becomes closer to the singlet ground state and in a strong enough magnetic field, gµ B B = J ⊥ , the triplet | ↑↑ is exactly degenerate with the singlet. In principle, we have a situation that the singlet and the triplet, | ↑↑ , create a new effective spin S = 1/2 system. One can easily project the original ladder Hamiltonian (1) on the new singlet-triplet subspace
This leads to the definition of the effective spin S = 1/2 operators
The effective Hamiltonian in terms of the effective spin operators up to the accuracy of an irrelevant constant becomes the Hamiltonian of the spin S = 1/2 anisotropic XXZ chain in an effective magnetic field
which allows for rigorous analysis. The ∆ = 1/2 is the anisotropy parameter and
. At zero temperature, the gapped disordered phase in the ladder system corresponds to the negatively saturated magnetization phase for the effective spin chain, whereas the LL phase of the main ladder system corresponds to the finite magnetization phase of the effective spin-1/2 chain. The second critical field where the ladder system is totally magnetized, corresponds to the fully magnetized phase of the effective spin chain.
III. FERMIONIZATION
Theoretically, the energy spectrum is needed to investigate the thermodynamic properties of the model. In this respect, we implement the Jordan-Wigner transformation to fermionize the effective XXZ model. Using the Jordan-Wigner transformation
the effective Hamiltonian is mapped onto a 1D model of interacting spinless fermions
This Hamiltonian is not exactly solvable because the fermion interaction. Therefore the mean-field theory is applied to interaction term 22 . The fermion interaction term is decomposed by mean-field parameters which are related to spin-spin correlation functions as
Utilizing the above order parameters and perform a Fourier transformation to momentum space by using
e −ikn c k , the mean field Hamiltonian is given by:
where,
Using the following unitary transformation
the diagonalized Hamiltonian is given by
where ε(k) is the dispersion relation
In order to solve mean-field Hamiltonian, the following self-consistent equations should be satisfied
Using the above order parameters, the thermodynamic functions such as the free energy, entropy and the specific heat are expressed as
IV. RESULTS
In this section we present our results obtained by analytical fermionization approach and the numerical full diagonalization technique on small size systems (N = 8, 12, 16). In the following, using both numerical and analytical methods the field and temperature dependent properties of the compound piperidinium copper bromide (C 5 H 12 N ) 2 CuBr 4 are studied.
A. Specific heat
In Fig. 1 , we focus on the behavior of the temperature dependence of the specific heat for (C 5 H 12 N ) 2 CuBr 4 . It shows three regimes: quantum disordered(QD), spin LL and fully polarized phase. Fig. 1 (a) -(c) and (d)-(f) shows the mean-field and full diagonalization results of specific heat, respectively. As shown in Fig. 1 (a) and (d), in QD regime, B < B c1 , the specific heat decays exponentially due to the presence of spin gap. It shows a single peak and when field increases the peak shifts to lower temperature with the height decreased. This peak is related to the triplet excitations of the ladder. As the field B reaches to B c1 , the spin gap is reduced and a shoulder gradually emerges at low temperature, which is a signature of approaching the quantum critical point 23, 24 . When B c1 < B < B c2 (Fig. 1(b) and (e)), as B is increased further, a new peak becomes visible that in the middle of the LL, we can clearly see two peaks in the temperature dependence of the specific heat. Below the first peak, the temperature dependence remains linear up to B c2 . The linearity of C is shown in Fig. 1(b) and (e). By increasing the field, height of the first peak is decreased but its position is almost unchanged, while the second peak shifts to the high-temperature as illustrated in Fig. 1(e) and yielding a very good agreement with the experimental results 14 . When B approaches B c2 , the peak in low temperature starts to vanish and just a shoulder can be seen ( Fig. 1(b) and (e)). For B > B c2 , fully polarized state, the specific heat decays exponentially as T → 0 because of opening of the gap. Near the critical field B c2 , the shoulder that emerges in the LL vanishes and the specific heat has a single peak. By more increasing the field, B > B c2 , the gap and the height of the peak increases and the position of peak shifts slightly to higher temperatures. The result shows that the system is in a few different states under different magnetic fields ( Fig. 1(c) and (f)). We should note that, this model is experimentally studied recently 14 . The calculated values of the specific heat with both techniques are compared with the experimental results. The results from full-diagonalisation have a quantitative accuracy within 2 − 8% compared to the experiment. At low temperature region, our results agree very well with the experimental data. But at higher temperatures, the quantitative agreement of results due to the mean-field approach is missing, as shown in Fig. 2 . It is mostly because of considering the effective XXZ Hamiltonian and missing some of the high energy spectrum of the ladder system.
The excitation is a triplet and the effective XXZ chain model considers only one of its three branches. Thus this model is really intended only for the regime of massless excitations, at significant fields. It works also at high fields, but certainly should not be applied at zero field. There are also two-triplet excitations, which will be missed if the one-triplet excitations are missing, but these contribute less. In addition, the mean field approximation is used to diagonalize the effective Hamiltonian. Now let us look at the field dependence of the specific heat. The Fig. 2 shows the field dependence results of the specific heat obtained by mean-field approach (the same as Fig. (3)(a) of Ref. [17] ). For temperature T < 1K, we can see that for B < B c1 and B > B c2 , the specific heat enhances when temperature increases. In the LL regime, the specific heat decreases by increasing of the temperature which shows the inverse behavior as compared to low temperature. Also in this region, we observe an interesting behavior. The field dependence of specific heat is almost symmetric about B = Bc1+Bc2 2 = 10.7T 14 . In the strong-coupling limit, J⊥ J ≫ 1, perfect symmetry would be expected due to the exact particle-hole symmetry to the XXZ chain in the magnetic field 25, 26 . By increasing the temperature, the peaks starts to van- ish until in high temperatures, the specific heat behaves as an ascending function, as illustrated in Fig. 3 . It is also interesting to see the magnetic field effects on the maximum specific heat C max V and corresponding temperature T max . As shown in the Fig. 4(a) , C max V obtained by both analytical and numerical approaches first decreases which shows a slow response to the splitting with applying to the magnetic field. For the magnetic fields more than B c1 , the analytical results are completely different from the numerical results. At B = B c1 and B = B c2 , C 27 . Moreover, we found that the curvature of our numerical results on T max changes its sign at the critical fields. But again, we see that the behavior of the analytical results is completely different from our full diagonalization findings, since our analytical results are obtained for the effective XXZ chain Hamiltonian which is only valid for very low temperatures as we mentioned above.
B. The Magnetocaloric effect
When a crystal containing ions is placed in a magnetic field the adiabatic or isentropic change of this external parameter causes a temperature change in the sample. This is called the magnetocaloric effect (MCE) which was first observed by Warburg 28 . The MCE in spin systems has attracted enormous attention in recent years. It is nowadays interesting in several aspects. From one hand, field-induced quantum phase transitions lead to universal responses when the applied field is changed adiabatically [29] [30] [31] [32] . On the other hand, it was observed that MCE is increased by geometric frustration [33] [34] [35] [36] , promising improved efficiency in low temperature cooling applications 37, 38 . More generally, the MCE is particularly large in the vicinity of quantum critical points. Here, the special focus is on the magnetocaloric effect. It will show that in this model, two minimum in the isentropes on the zero-temperature quantum critical fields can be observed. Further information about the low temperature behavior of substances can be obtained by calculating the entropy. In this section the entropy of spin 1/2 two-leg ladder in more detail will be discussed.
First, the mean-field and full-diagonalization results for the value of the entropy as a function of B and T is shown in Fig. 5(a) and (b) , respectively. The curves have been obtained by calculating the entropy, S, in the B − T plane and determining the constant entropy curves (the isentropes) from this data. Fig. 5 (a) and (b) can be divided into the gapfull and gapless regimes. In the gapfull regimes,B < B c1 and B > B c2 , a significant temperature changes happens. Firstly, for B < B c1 , by raising the magnetic field from B = 0 to B = B c1 , the temperature can be minimized in the vicinity of B c1 . Secondly, for B > B c2 , by decreasing the magnetic field from high magnetic field to the saturation field adiabatically (adiabatic demagnetization), the temperature arrives at minimum close to the saturation field. For example, an adiabatic process which starts at (B, T ) ≈ (5.5T, 0.44K) or (15.5T, 0.4K) would go down to T ≈ 10mK as B → 7.3T or B → 13.9T , respectively. This case corresponds to the entropy S = 0.1, the lowest curve in the Fig. 5 (a) and (b) . For the larger value of S = 0.3 an adiabatic process would still cool to a minimum temperature T ≈ 30mK. In the regime B c1 < B < B c2 , the energy spectrum is gapless. Therefore, small temperature changes induced by adiabatic (de)magnetization is observed. This indicates that one can use the gap-closing at the field-induced quantum phase transitions for cooling down samples.
One can also calculate the derivative of the magnetization with respect to temperature by using the relation (
In this relation δQ is the amount of heat which is created or absorbed by the sample for a field change δB due to MCE. As shown in the Fig. 5(c) and (d) , for low temperatures, the significant changes of the −( ∂M ∂T )| B from negative to positive values occurs when the magnetic field is applied. The quantum phase transition at B c1 ≃ 6.99(5) T and B c2 ≃ 14.4(1) T are specified by these sign changes. For better understanding, (∂M/∂T ) = 0 as a function of magnetic field and temperature obtained by mean-field approximation is shown in Fig. 5(e) . By increasing the temperature, the height of the peaks reduces until all of them are disappearing and no sign of quantum phase transitions can be seen. This indicates that thermal fluctuations become strong enough to take the system to the excited state.
It should be noted that, as illustrated in Fig. 5 (b) and (d), the full-diagonalization results shows finite size effects especially in low temperatures and LL regime, but in general the mean-field results are in good agreement with the full-diagonalization and also experimental results 14 .
C. Entropy
In this part, the behavior of the entropy as a function of both temperature and magnetic field is studied. Fig. 6 (a) and (b) shows the temperature dependence of the entropy obtained by mean-field approach and full-diagonalization method, respectively. At zero temperature, the entropy is zero, which is consistent due to the second law of thermodynamics. When the temperature is high enough, the entropy approaches a constant value, in a fixed magnetic field. Also because of the presence of the gap in B < B c1
and B > B c2 , the entropy is expected to be exponentially activated as a function of temperature.
As it shows in Fig. 6 (c) and (d), for very low temperatures we can see several interesting results. The maximums of the field dependence of the entropy occur in the critical fields and also the entropy is symmetric about B = Bc1+Bc2 2 = 10.7T just like the specific heat. In very low temperatures, T < 1, the accumulation of entropy near the quantum critical points is obvious. It implies that the system is maximally undecided which ground state to choose. As the temperature is enhanced, all the characteristic behaviors have been vanished.
V. CONCLUSION
In this paper we have focused on the low-temperature physics of the isotropic spin S = 1/2 two-leg ladder compound (C 5 H 12 N ) 2 CuBr 4 . Using the analytical and numerical methods we have calculated entropy and the specific heat of the system. It is shown that the temperaturedependence of specific heat shows various behaviors in different regions of the magnetic field. The field-dependence of the specific heat shows interesting behavior in the low temperature region. It is almost symmetric about the average of critical points in complete agreement with experimental results. On the other hand, an external magnetic field induces large relative changes in the entropy of quantum spin systems at finite temperature. This leads to magnetocaloric effect, i.e. a change in temperature during an adiabatic demagnetization process. We computed the entropy of antiferromagnetic spin S = 1/2 two-leg ladder system in an external magnetic field. Our results show, during an adiabatic demagnetization process temperature drops in the vicinity of a field induced zero-temperature quantum phase transitions.
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